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Sutmaary 

By  a  disordered  linear  chain,  we  mean  a  chain  of  one- 
dlmenslonal  narmonlc  linear  osclllalors,  eacf*  coupled  to  Ita 
nearest  neighbors  by  harmonic  fcrces,  with  the  mass  of  eacn 
..Bclllator  and  the  coupling  parameters  taken  to  be  random 
variables  wltfi  known  distributions.  The  problem  of  cal¬ 
culating  tf.e  distribution  function  of  the  frequencies  of  the 
n  rmal  Ticdes  f  vibration  of  the  chain  In  the  limit  as  the  chain 
bee  jmes  Infinitely  l.-ng  was  resolved  by  F.  J.  Dyson.  this 

paper  e»  present;  a  simple  algebraic  proof  of  the  essential 
limit  relation  In  Dyson's  paper. 
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A  Nott  on  tne  Dyntunlce  of  a  Dlaordered  Linear  Chain 


I .  INTRODUCTION 


P.  J.  Dyaon^  considered  the  problem  of  determining  the 
distribution  function  of  tne  characterl atlc  frequencies  of  a 
chain  of  N  maasee,  each  coupled  to  Ita  nearest  nelgr»bor8 
by  elaatlc  springs,  In  the  case  where  the  masBea  and  coupling 
forces  are  random  variables. 

After  some  elementary  transformations,  the  problem  reduces 
tc  determining  the  distribution  ^f  the  characteristic  ro  ts 
of  the  Hermltlan  matrix 


H 


N 


where  the  A,  are  real  random  variables, 
k 

The  essential  step  In  the  derivation  of  the  limiting 
distribution  Is  the  proof  of  the  relation 
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11m  ^  log  AI|-llm  —  Z  log  (l) 

”  N-^  N  n-1  " 


w/iere  z^(A)  r«pr«B«ntB  thB  Inflnltt  contlnutd  fraction 

^  •  •  (2) 


This  rasult  Maa  obtalnad  by  Dyson  uBlng  racurranca  ralatlons 

2  k 

for  traca  ,  for  k-1,2,...,  obtalnad  from  combinatorial 
arguments .  Hare  wa  shall  prasant  a  almpla  algebraic  proof. 


II.  PROOF  OP  LIMIT  RELATION 


:a) 


Conalder  the  determinant 

^  lA,  0  0 

—  1^1  ^  lAt  0  ••• 


r  . h) 


fcjcpandlng  In  terms  of  tfie  alamante  ol'  the  first  row,  Ma 
obtain  the  recurrence  relation 

2 

,  A  ^  ^  » ^e  » ^3 »  •  •  •  I  ^  ^  A  i  _ 2  .A ,  » A^  »  •  •  » ^  ) 


for  N  >  5,  with  H,(  A)  -  A,  H, (A; A, }-A^>A? • 


(2) 
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From  (2)  m«  obtain 


( A»  Aj ,  .  •  •  ,  ^ 


2 


- 


2 


(3) 


A 


2 

N-1 


and  tnua 


- 

1 1  m  —  -  . 

N— >CD  .  .  ,  ,  ^ 


2  2 

•  A-f  '*'j  /(A  ■♦•  At  /a*’*'* 


). 


(M 


To  obtain  tha  relation  given  In  (1)  ^1'  1,  let  ub  write 


,A,,  . 


'^-1 


.  •  •  •  »A  ^N— 1  ^ 

(^»  ^t»  At,  .  .  .  f  Ajij_2^  )  _ 2  (A,Aj,A4,>.-  »Aji^ ^  'j 


H,(A;A,) 

-  A  • 

H,(A  ) 


Taking  lugarlthzna  and  replacing  eacr.  ratio 

equivalent  In  (■^},  we  obtain  the  desired  relation  up.n 
letting  OD  . 


